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We construct 2 families of automorphic forms related to twisted fake monster 
algebras and calculate their Fourier expansions. This gives a new proof of 
their denominator identities and shows that they define automorphic forms of 
singular weight. We also obtain new infinite product identities which are the 
denominator identities of generalized Kac-Moody superalgebras. Finally we 
describe the reflection groups of the root lattices of these algebras. 

1 Introduction 

Borcherds, Gritsenko and Nikulin have shown that there are interesting rela- 
tions between automorphic forms, generalized Kac-Moody algebras and hyper- 
bolic reflection groups. They can be summarized roughly as follows. First 
the denominator identities of nice generalized Kac-Moody algebras often define 
automorphic forms. Second many reflection groups of Lorentzian lattices are 
associated to automorphic forms whose singularities are at the reflection hy- 
perplanes of the reflection group. Finally the root lattices of nice generalized 
Kac-Moody algebras often have nice hyperbolic reflection groups. In all 3 cases 
it is not known what the precise necessary conditions are. For example it is not 
known when the denominator function of a generalized Kac-Moody algebra is 
an automorphic form. 

In this paper we give some new examples for the above relations. We con- 
struct 2 families of automorphic forms of singular weight. The automorphic 
forms are the denominator functions of generalized Kac-Moody algebras simi- 
lar to the fake monster algebras. In the bosonic case the reflection groups of 
their root lattices are associated to automorphic forms. Then we show that the 
reflection groups of their root lattices are similar to those of //i,25 and Ili^g. 

We describe the sections of this paper in more detail. 

In the second section we recall some results about lattices and the singular 
theta correspondence. 
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We use this correspondence in section 3 to construct a family of automorphic 
forms related to twisted fake monster algebras. We give a new proof of their 
denominator identities and show that they define automorphic forms. 

In section 4 we derive analogous results for twisted fake monster superalge- 
bras. In additon we get new infinite product identities which are the denomi- 
nator identities of generalized Kac-Moody superalgebras. 

In the last section we describe the reflection groups of the root lattices of 
the generalized Kac-Moody algebras in this paper. In the bosonic case they are 
related to automorphic forms. In the super case we use Vinberg's algorithm to 
determine their fundamental domains. 



2 Lattices and automorphic forms 

In this section we fix some notations and recall some results on lattices and the 



singular theta correspondence |B3|. 



2.1 Lattices 

Let M be a lattice with dual M' . We write M{n) for the lattice obtained from 
M by multiplying all norms with n. The level of M is the smallest positive 
integer n so that G 2Z for all \ £ M' . It follows nM' C M. We consider 
some examples. 

The lattice J/i^i(n) consists of the elements (?7ii, 77x2) S of norm (wi, 7712)^ 
= —2nmim2- The lattice has determinant "n? and the quotient of the dual 
//i_i(n)' by //i.i(n) is Z^^. We write the elements of //i^i(r7)' as {mi/n,m2/n) 
with rrii G Z so that (mi /n, 1712 /n)'^ = —2'mim2/n. This shows that Ili^iin) 
has level n. Clearly //i_i(n)' is isomorphic to //i,i(l/n). 

Let £'g be the sublattice of £^8 fixed by an automorphism of cycle shape 
^rripm .^^j-^gj-g p [g, sl prime such that in = 8/{p + 1) is an integer. Then i?g has 
level p and determinant p"\ The quotient E^'/E^ is Z™ and E^'{p) = E'^. We 
give more details on these lattices in the last section. 

Let A be the Leech lattice and A^" the sublattice fixed by an automorphism 
of cycle shape l'"^'" where p is a prime such that m = 2A/{p+l) is an integer. 
For p = 2 resp. p — 3 the lattice is the Barnes- Wall resp. Coxeter-Todd lattice. 
A^* has similar properties as the Leech lattice. It has no roots and AP'{p) — A^. 
Furthermore A^ has level p and hP' / Kp = Z™. 

Finally we remark that in the following we will adopt to Borcherds' notation 



in |B3|. For example if i is a lattice that is not positive definite then we define 
a root in L as a primitive vector of negative rather than positive norm such that 
the corresponding reflection is an automorphism of L. 
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2.2 The singular theta correspondence 

Let M be an even lattice of signature h^) and 

be a function on the upper halfplanc H with values in the group ring C[-M'/M]. 
We say that F is holomorphic on H and mcromorphic at the cusps if the com- 
ponents can be written 

with c-y(n) = for n <C 0. is a modular form of type pM and weight m if the 
components satisfy 

MTt) = e(7V2)/^(T) 

under the standard generators S — ( ° ) and T = {q\) of SL2 (Z) . 

In the next section we will construct vector valued modular forms using 
products of Dedekind's eta function 77(t) = q^^^^ Ylnyoi^ ~ 9") components. 
The following lemma will be used to calculate their S'-transformations. 

Lemma 2.1 

Let /(t) = rj[{kT + j)/rnj where j, k and m are integers and let j\ k' and m! 
be integers such that the matrix 



A 



i/k' + kk')/km 

m/k' ^j'/k 



is in SL2{1) and m/k' > 0. Then 

/{St) = e{A)^ymT/m'i r](^{k'T + j')/m') with e{A) as given in eq. (74.93) 
of/i/. 

Proof: Let Fm — {^ q) be the Fricke involution. Then r](^(kT + j)/m^ = 
ri{F^ST^SFkT). The lemma now follows from FmST^SFkS = AF^'ST^'SFk' 
and the transformation formula of the eta function. 

Borcherds' singular theta correspondence constructs an automorphic form 
from the vector valued modular form F. The singularities of lie on 
points of the form A^'^ where A is a negative norm vector in M' with nonzero 
coefficient ca(A^/2). 

If M has signature (2,fe^) then there is an explicit product expansion for 
ea;p($M) (Theorem 13.3 in 
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Theorem 2.2 

Let M be an even lattice of signature (2, b^) and F a modular form of weight 
1 — 6^/2 and representation pM which is holomorphic on H and meromorphic 
at the cusps and whose coefEcients cx{m) are integers for m < 0. Then there is 
a meromorphic function ^'7v/(^Mi F) for Z G P with the following properties. 

1. "^MiZMiF) is an automorphic form of weight co(0)/2 for the group 
Aut{M, F) with respect to some unitary character character. 

2. The only zeros or poles of ^Af he on the rational quadratic divisors 
for X E M with < and are zeros of order 

E c.a(x2a2) 

or poles if this number is negative. 

3. is a holomorphic function if the orders of all zeros are nonnegative. 
If in addition M has dimension at least 5, or if M has dimension 4 and 
contains no 2 dimensional isotropic sublattice, then '^m then is a holo- 
morphic automorphic form. If in addition cq{0) = 6^ — 2 then 5*^/ has 
singular weight and the only nonzero Fourier coefficients of m correspond 
to norm vectors in L = Kjlz with K = M O z-^ . 

4. For each primitive norm vector z in M and for each Weyl chamber W of 
L the restriction ^'^(Z, i^) has an infinite product expansion converging 
when Z is in the neighborhood of the cusp of z and Y E W which is up to 
a constant 

e{{Z,p{L,W,FL))) n n {l^e{i\Z) + {5,z'))y'^'^/'\ 

xeL' seM'/M 

(\,W)>0 i5|K = A 

If M is Lorentzian the singular theta correspondence gives some information 
about the automorphism group of M (Theorem 12.1 in ]B3| ). 

Theorem 2.3 

Let M be a Lorentzian lattice of dimension 1 + b~ and F a modular form 
of weight (1 — b~)/2 and representation pM which is holomorphic on W and 
meromorphic at the cusps and whose coefficients c\{m) are real for m < 0. 
Suppose that if A is a negative norm vector in M' and c\{\^ /2) ^ then 
reflection in A^ is in Aut{AI, F, C) . Then Aut{M, F, C) is the semidirect product 
of a reflection subgroup and a subgroup fixing the Weyl vector p{M, W, F) of a 
Weyl chamber W. In particular if the Weyl vector has positive norm then the 
reEection group of M has finite index in the automorphism group and has only 
finitely many simple roots. If the Weyl vector has norm but is nonzero then 
the quotient of the automorphism group of M by the reflection group has a free 
abelian subgroup of finite index. 
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3 Automorphic forms and the fake monster 
algebra 

In this section we recall some results about the fake monster algebra and the 
twistcid denominator identities. Then we give a new proof of the twisted de- 
nominator identities corresponding to certain automorphisms of prime order 
and show that they define automorphic forms of singular weight. The idea of 
the proof is to find appropriate lattices and modular forms and then apply the 
singular theta correspondence. 

3.1 The fake monster algebra 

The fake monster algebra is a Lie algebra constructed by Borcherds describing 
the physical states of a bosonic string moving on a torus. It was the first 
explicit example of a generalized Kac-Moody algebra. We sketch two different 
constructions. The vertex algebra of the even unimodular Lorentzian lattice 
IIi,25 carries an action of the Virasoro algebra. Let G be the space of vectors 
which are annihilated by the Z/„ with n > and have Lo-eigenvalue 1 divided 
by the kernel of a natural bilinear form. Then the vertex algebra induces a 
product on G turning it into a Lie algebra called the fake monster algebra. The 
other construction of this algebra uses the BRST operator. The vertex algebra 
of the integral lattice //1.25 is acted on by the BRST operator Q satisfying 

= 0. Here the space of physical states is given by the cohomology group 
Ker{Q)/Im{Q). Again the vertex algebra induces the Lie bracket on this space. 
This Lie algebra is isomorphic to G. 

The fake monster algebra has the following properties. The root lattice is 
the Lorentzian lattice //i,25 = A(— 1) ® //i.i with elements a = (r,m,n) and 
norm = — 2mn. A nonzero vector a G II1.25 is a root if and only if 

> —2. The multiphcity of a root a is given by c(a^/2) where c{n) is the 
coefficient of in the 1/A(t) = 1/77(t)24 = 5-1 + 24 + 324g + 3200^^ + . . . . 
1/A(r) is a modular form for SL2{'l) of weight —12 with singularities at the 
cusps and ioo. The real simple roots of the fake monster algebra are the norm 
—2 vectors a e //i,25 with (p, a) = —1 where p = (0,0,1) is the Weyl vector 
and the imaginary simple roots are the positive multiples np of the Weyl vector. 
The Weyl group G is the reflection group of //i,25. The denominator identity 
now reads 

eP H (1 - e")^("'/2) = ^ det{w)w(^eP H {l - e"")'') . 

ae/7+25 '"eG n>0 

The sum in this identity defines the denominator function of the fake monster 
algebra. It is an automorphic form for Aut{Il2,26)- 

The no-ghost theorem gives an isomorphism from the above descriptions of 
the physical states to the light-cone states. The automorphism group of the 
Leech lattice has a natural action on the light-cone states and therefore also on 
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the fake monster algebra. By applying elements of this group to the denomina- 
tor identity of the fake monster algebra we can calculate twisted denominator 



identities [B2 



We consider now the case that the automorphism has cycle shape 
where p is a prime and TO = 24/(p + 1) an integer (cf. and 0). Then the 
corresponding twisted denominator identity is 

gP Yl (1 - e")^("'/2) Yl (1 _ e")-("V2p) 

aeL+ a£pL'+ 

weG n>0 

with L = AP(-l) ® and X;c(n)g" = (^(t)?7(]5t))-™. The Weyl vector is 
p = (0, 0, 1) and the Weyl group G is the reflection group of L. It is generated 
by norm —2 vectors in L and the norm — 2p vectors in pL' C L. This identity 
is also the untwisted denominator identity of a generalized Kac-Moody algebra. 
The real simple roots of this algebra are the roots a satisfying (p, a) = a^/2 
and the imaginary simple roots are the positive multiples np of the the Weyl 
vector with multiplicity 2m if p divides n and to else. The root lattice of the 
algebra is L and the multiplicity of a root a is given by c(a^/2) if a is in L but 
not in pL' and by c(a^/2) + c(a^/2p) if a is in pL' . 



3.2 Automorphic forms 

Now we give a proof of the twisted denominator identities of the fake monster 
algebra corresponding to automorphisms of cycle shape V^p™- using the singular 
theta correspondence. First we work out the case p = 2 explicitly. The general 
case will be a simple generalization of this example. 
Let 

/(r) = (77(t)?7(2t))-** =q-^ +8 + 52q + 256q^ + 1122g3 + 4352?^ + . . . . 

Then / is a modular form for ro(2) of weight —8 with singularities at the cusps 
and ioo. The Fourier expansion of 

/(t/2) = (7/(t/2)7;(t))-^ = _^ g ^ ^2q^/2 _^ 3569 + 1122g3/2 + . . . 

can be decomposed into two series with integral and half-integral exponents in 
q. Define 

5o(r) = (/(t/2) + /((r + l)/2))/2 = 8 + 256g + 4352g2 + . . . 

and 

51 (r) = (/(t/2) - /((t + l)/2))/2 - g-^/^ + 52q^^' + 1122g3/2 + . . . . 

We will use the functions /, go and gi to construct the vector valued modular 
function F. Therefore we need their transformation properties under the gener- 
ators of S'L2(Z). / and go are invariant under T and giiTr) = —gi{T). Lemma 
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2.1 



implies the following S'-transformations 



/(5t) = 2V(r/2)/T« 
/((5r)/2) = /(r)/2V« 
/((5r + l)/2) = /((r + l)/2)/r8 

so that 

f{Sr) = 24(5o(t)+ 31 (r))/r8 
5o(^r) ^ (/(r)/24 + ,go(r)-.9i(r))/2r8 
5i(5r) = (/(r)/24-go(r)+.9i(r))/2r«. 

A^(— 1) is the Barnes-Wall lattice with all norms multiplied by —1. We 
describe the discriminant form of A^(— 1) in more detail. (Note that the de- 
scription of A2(-1)7A2(-1) in Q is false.) A2(-1)7A2(-1) = Z| has 135 
nonzero elements of norm mod 2 and 120 elements of norm 1 mod 2. If 
7 G A^(— 1)'/A^(— 1) is a nonzero element of norm mod 2 then there are 71 
nonzero elements S of even norm such that (7, (5) = mod 1 and 56 elements 
S of odd norm such that (7, (5) = mod 1. If 7 has norm 1 then 7 has scalar 
product with 63 of the 135 nonzero elements of even norm and with 64 of the 
120 elements of odd norm. The lattice M = A2(-l)®//i^i(2)e//i_i is an even 
lattice of level 2, determinant 2^° and signature (2, 18). The scalar products in 
M' /M = Zj" can be derived easily. For example there are 527 nonzero elements 
of even norm and 496 elements of odd norm. 

Now we can define the vector valued modular form F. Let 

Fir)= J2 AMe^ 

with 

Mr) - /(T)+go(T) if 7-0 

= 5o(t) if 7^/2 = modi 

= 5i(t) if 7V2 = 1/2 mod 1. 

Then _F is a modular form of weight —8 and representation pi\i. The T- 
invariance is clear. F also transforms correctly under S. We show this for 
/o(r). 

2V8/o(5t) - 2V«/(5T) + 2V8go(5r) 

by the above formulas. The proof for the other components is similar. Note 
that there are only 2 other cases which must be considered. 

The singular theta correspondence now implies that there is a holomorphic 
automorphic form for Aut{M) of weight 16/2 = 8. The zeros of '^m are 
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zeros of order 1 coming from divisors of norm —2 vectors of M and norm —1 
vectors of M'. 

The lattice M has 2 orbits of primitive norm vectors under Aut{M), one of 
level 1 and one of level 2. Wc explain the terminology below. Near these cusps 
we can expand \1/m in infinite products. Since \1/m has singular weight the 
nonzero Fourier coefficients of correspond to norm vectors. This allows 
us to work out the Fourier expansions at the cusps explicitly. 

Define numbers c(n) by 

^ c(n)g" = /(r) = + 8 + 52q + 256q^ + 1122g^ + 4352g^ + . . . . 

Level 1 cusp: We decompose M = L ® where L = A2(-l) © //i,i(2) 

and take z as primitive norm vector in /Ji^i. Then the product expansion of 
^z{Z,F) is 

e{{p,Z)) n (l-e((A,Z)))^(^^/^^ n (l-e((A,Z)))^(^^) 
AeL+ AeL'+ 

= ^ det{w)e{{wp, Z)) [] (1 - e{{nwp, Z)))\l - e{{2nwp, Z))f 

weG n>0 

where p = (0, 0, 1/2) and G is the reflection group generated by norm —1 vectors 
of L' and the norm —2 vectors of L C L' . Note that the vectors of L' have 
integral norms because L has level 2. 

Level 2 cusp: Here we write M = L® //i,i(2) with L = A^(-l) © Ih^i and 
take z as primitive norm vector in /Ji.i(2). Wc say that z has level 2 because 
\M'/M\ = 2'^\L'/L\. At this cusp the product expansion of _F) is 

e{{p,Z)) n {l-e{{X,Z))f''^'' n {l-e{{X,Z))f''/'' 

AGL+ AeL'+ 

= ^ det{w)e{{wp,Z)) II {l-e{{nwp,Z))f{l-e{{2nwp,Z))f 

wee n>0 

where /; = (0,0,1) and G is the reflection group generated by the norm —2 
vectors of L and the norm —4 vectors of 2L' C L. 

The expansion of \1/m at the level 2 cusp is the twisted denominator identity 
of the fake monster algebra corresponding to the prime p = 2. This gives a 
new proof of this identity and shows that the denominator function of the cor- 
responding generalized Kac-Moody algebra is an automorphic form of singular 
weight. 

The two expansions of "I'm look rather similar and are really the same. If 
we rescale the dual of A^(— 1) © //i^i(2) with a factor 2 then the expansion of 
"^M at the level 1 cusp goes over into the expansion at the other cusp. 

No we turn to the general case. Let p be a prime such that m = 24/(p + 1) 
is an integer. The eta product 

/(r) = (r?(T)7?(pr))— =g-i+m+... 
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is a modular form of weis; ht -m for Fob) = {(° e SL2{1) | c = mod p} if 
m is even and for Ti{p) = {(° ^) G 5^2 (Z) | a = d = 1 mod p, c = mod p} if 
m is odd. / has singularities at the cusps and zoo. /(r/p) can be written 

/(t/p) - go(T) + + • • ■ + 5p-i(^) 

where the functions gj have Fourier expansions of the form ^ a(n)q""'"^/^' with 
n G Z. We will use the functions f,go,... ,gp-i to construct a vector valued 
modular function. The T-transformations of these functions are clear. As above 



their ^'-transformations can be calculated with Lemma 2.1. 

Let M = AP(-l) ® IIi,i{p) ® Then M is an even lattice of level p, 

determinant and signature (2, 2m + 2). We define 

with 

Mr) = /(r)+.9o(r) if 7 = 

= ffi(T) if 7V2 = j/p mod 1 

Then we have 
Proposition 3.1 

F is a modular form of weight — m and representation pM which is holomorphic 
on H and meromorphic at the cusps. 

Proof: F clearly transforms correctly under T. We can work out the quotient 
M' /M by using an explicit description of the Leech lattice. A case by case 
analysis then shows that F also transforms correctly under S. This proves the 
proposition. 

Now the singular theta correspondence implies 

Theorem 3.2 

There is a holomorphic automorphic form for Aut{M) of weight m. The 
zeros of are zeros of order 1 coming from divisors of norm —2 vectors of M 
and norm —2/p vectors of M' . m has singular weight so that the only nonzero 
Fourier coefficients of m correspond to norm vectors. 

Let c{n) he given by /(r) = {ri{T)T]{pT))~"^ = ^c(n)g". Then has the 
following expansions at the cusps. 

At the level 1 cusp we decompose M = L(BlIi,i with L = A''(— 1) + 
and taJce z as primitive norm vector in TJien the product expansion of 

^,{Z,F)is 



e{{p,Z))l[{l-e{{X,Z))r' '^^ n {^-<{^,ZW' 
xeL xeL' 

X! det{w)e{{wp, Z)) ~ e{{nwp, Z)))"" (l - e{{pnwp, Z)))' 



weG n>0 
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where p = (0,0, 1/p) and G is the reflection group generated by norm —2/p 
vectors of L' and the norm —2 vectors of L. 

At the level p cusp we write M = L® IIia{p) with L Ap(-1) ® so 
that \M' /M\ = p^\L' IL\ and take z as primitive norm vector in IIi^i{p). Here 
the product expansion of ^z{Z, F) is 

xeL xepL' 
— det{w)e{{wp, Z)) (l — e({nwp, — e({pnwp, Z)))"* 

weG n>0 

where p — (0,0, 1) and G is the reflection group generated by the norm —2 
vectors of L and the norm —2p vectors of pL' C L. 

The two expansions are identical upon rescaling the lattice ( A^" ( — 1 ) +IIi . i (p) ) ' 
by p. 

Proof: The only thing left is to calculate the Fourier expansions of vj/j^/. We can 
do this using the fact that the nonzero Fourier coefficients correspond to norm 
vectors of L. This proves the theorem. 

Corollary 3.3 

The denominator function of the generalized Kac-Moody algebra obtained by 
twisting the fake monster algebra with an automorphism of cycle shape l^p™ 
defines a holomorphic automorphic form of singular weight. 

We remark that the results in this section can be easily extended to the case 
p=l. 

4 Automorphic forms and the fake monster 
superalgebra 

In this section we prove analogous results as in section 3 for the fake monster 
superalgebra. The main difference is that the expansions of the automorphic 
forms at the 2 different cusps do not coincide so that we get new infinite product 
identities which are denominator identities of generalized Kac-Moody superal- 
gebras. 

4.1 The fake monster superalgebra 

The fake monster superalgebra is a supersymmetric generalized Kac-Moody 
superalgebra describing the physical states of a superstring moving on a torus. It 
can be constructed similar to the fake monster algebra as the cohomology group 
of a BRST operator acting on the vertex algebra of a rational 18 dimensional 
lattice. The fake monster superalgebra has root lattice //i,g = £'8(— 1) ® 
with elements a = (r, to, n) and norm = — 2mn. The roots are the nonzero 
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vectors a with > 0. The multiphcity of a root a is given by multo{a) = 
multi{a) — c(— where c{n) is the coefRcient of g" in 8ri{2T)^ /ri{T)^^ = 
8 + 128(7 + 1152(72 + . . . which is a modular form for ro(2) of weight -8. The 
simple roots of the fake monster superalgebra are the norm vectors in the 
closure of the positive cone of //i^g. This implies that the Weyl group is trivial 
and the Weyl vector is 0. The denominator identity is given by 

/-I „a\cio? 12) 
-IX Q _|_ ga\c{Q'^/2) z < ^ ' 

where a(A) is the coefficient of in 



r7(2r)8 



1 - 16g + 112g'' - 448g^ + 1136g* - 



if A is n times a primitive norm vector in //^g and else. 

Using the no-ghost theorem we can construct an action of 2.Aut{E'^ on the 



fake monster superalgebra and calculate twisted denominator identities |S2|. 
The identity corresponding to an automorphism of cycle shape l™p"^ with p 
prime and to = 8/(p + 1) integral is 

(1 _e")^(«V2) (1 - e°)^("V2p) _ ^ ^ 

11 fl I pQ^c(a2/2) 11 Cl lgQ^c(QV2p) ^ 2^°'' 
aeL+ ^ ' ' ^ aepL'+ ^ ' 

where L = -Ef (-1) © J/i,i and Y.c{n)q^ = m{r]{2pT)r]{2T)y'^ /{Tj{pT)r]{T))^"' . 
a(A) is the coefficient of (7" in {rj{jjT)r]{T)Y'^ / {r]{2pT)rj{2Ty)'^ if A is n times a 
primitive norm vector in L"*" and else. This is the untwisted denominator 
identity of a supersymmetric generalized Kac-Moody superalgebra whose simple 
roots are the norm vectors in the closure of the positive cone of L. The even 
and the odd multiplicity of a simple root A is 2to if A is n times a primitive 
vector with p dividing n and to else. 

4.2 Automorphic forms 

Now we construct the automorphic forms whose expansions give the denomina- 
tor identities of the twisted fake monster superalgebras and some new identities. 
In contrast to the bosonic case the components of the vector valued modular 
form do not only depend on the norm of the elements in M' /M but also on 
their order. 

We will start with the case corresponding to p = 3 as an example. Let 
/(r) = 2 = 2 + 8(7 + 2V + + 18 V + ■ ■ ■ 

and 

lir) = "^yyyy = q-'^' - 2 + 3g^/^ - 8(7 + 15(7^/2 - 2^ + • ■ • • 
'?(3t)4?7(t)4 
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/ is a modular form for ro(6) of weight —2. 

/ and 7 are related by supersymmetry |S2| which means that tlie Fourier 
expansion of 

S{t) = /(r) + 7(t) = ^ 3^1/2 ^ ^5^3/2 ^ 43^5/2 _^ _ _ 

only contains half-integral powers of q. We write 

/(T/3)=50(T)+ff2(r)+ff4(T) 



with 



and 
with 



5o(t) = (/(r/3) + /((r + l)/3) + /((r + 2)/3))/3 

= 2 + 72q + 984^2 + . . . 

92{r) - (/(r/3)+£V((r + l)/3)+e/((r + 2)/3))/3 

= 8g^/^ + 18^/^ + 2II2//3 + . . . 

<74(r) = (/(r/3)+£/((r + l)/3) + £V((r + 2)/3))/3 

= 24^2/^ + 432(7''^/^ + 4344g^/^ + . . . 

(5(r/3) = Ai(r)+A3(r) + A5(T) 



Ai(r) = (5(T/3)+e25((r + 2)/3)+e,5((T + 4)/3))/3 

= 3qi/^ + 1149^/*^ + 1437q"/^ + . . . 

A3(r) = (<5(r/3)+5((r + 2)/3) + ^((r + 4)/3))/3 

= 15(7^/^ + 285g^/^ + SOblq^^^^ + ... 

A5(r) = (<5(r/3)+e<5((r + 2)/3) + £25((r + 4)/3))/3 

= (7-i/s+43(7^/^ + 662g"/s + ... . 

Note that /((t-|-4)/3) — /((t + 1)/3). We will use these functions to construct 
the vector valued modular function F. We determine the transformation prop- 
erties under t he g enerators of SL2{1j). The transformations under T are clear. 
Using Lemma 2.1 we find for the S'-transformations 

/(5r) = -37(r/3)/2r2 

/((5r)/3) = -7(r)/6r2 

/((5r + 2)/3) = 7((T + 4)/3)/2r2 

/((5r + 4)/3) = 7((T + 2)/3)/2r2 

and 

7(^t) = -6/(r/3)/T2 

7((^r)/3) = -2/(r)/3r2 

7((5r + 2)/3) = 2/((T-H4)/3)/r2 

7((^r-f4)/3) = 2/((T + 2)/3)/r2 
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so that 



fiSr) = 3(ffo(T)+52(r)+54(r))/2T2-3(Ai(r) + A3(T)+A5(r))/2T2 
goiSr) = (/(r)-<5(r))/18r2 + (A3(T)-go(r))/2r2 

+ ((5o(t) + .92(t) +ff4(r))/6T2 - (Xiir) + Xs{t) + X,{t))/6t^ 
g^{ST) = (/(r)-<5(r))/18r2 + (Ai(r)-g4(r))/2r2 

+((ffo(T) + 52(t) + <?4(r))/6T2 - (Ai(t) + A3(t) + A5(r))/6T2 
54(5r) = (/(r) - 5(r))/18T2 + (A5(t) - 52(r))/2T2 

+((5o(r) +52(t) +54(r))/6T2 _ ^ ^ ^^(^^)/g^2 

and 

5{St) = -9(5o(T)+52(T)+g4(r))/2r2-3(Ai(r)+A3(T)+A5(r))/2T2 
Ai(SV) = -(3/(r) + 5(T))/18r2 + (3<?2(r) + \b{t))/2t^ 

-{go{T) + 52(r) + 54(r))/2T2 - (Ai(r) + A3(t) + A5(T))/6r2 
A3(5t) = -(3/(t) + 5(t))/18t2 + (3ffo(T) + A3(t))/2t2 

-(.9o(t) + ,g2(T) +g4(T))/2T2 _ ^^^(^))/g^2 

X^iSr) = -(3/(t) + S{t))/18t^ + (ig^ir) + \i{t))/2t^ 

-(.9o(t) + .92(r) +g4(T))/2r2 _ ^ ^^^^^ ^ ^^^(^))/g^2 

We describe the discriminant form of The quotient E^{-iy / E^{-1) 

is a 2 dimensional vector space over Z3. We can choose a basis {71,72} with 
^2/2 = 7I/2 = -1/3 mod 1 and (71,72) = mod 1. 

We define the even lattice M = £;|(-1)©/Ji,i(6)© J/1,1 of level 6, signature 
(2,6) and determinant 324. The scalar product of the elements in M'/M = 
Z| X Zg can be worked out using the above results on £J|(— 1) and //i_i(6). 
Now let 

F{r)= E AMe'' 

with 

Mr) = f{T)+go{r) if 7 = 

= — /(t) — goir) if 7^/2 = and 7 has order 2 

= 5{t) + A3(t) if 7V2 = 1/2 and 7 has order 2 

= Aj(T) if 7^/2 = j/6 where j is odd and 7 has order 6 

= gjir) if 7^/2 — j/6 where j is even and 7 has order 3 

= —gjir) if 7^/2 = j/6 where j is even and 7 has order 6 

whore as usual 7^/2 is taken mod 1. Then F is modular form of weight —2 
and representation pM- Again the T-transformations are clear. We show that 
/o(t) behaves correctly under S. The following table shows how often the 
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corresponding functions appear as component in F. 



f{T)+9o{r), 6{t) + Xs{t) 


1 


-fir) - 9o{t) 


2 


9o{r), A3(t) 


20 


52 (t), 54 (r), Ai(t), A5(t) 


30 


-9o{r) 


40 


-52 (t), -54 (t) 


60 



We have 

-18tVo(^t) = ^18t2/(5t) - 18r2.9o(5T) 

= -/(r) - 21ffo(r) - 30g2(T) - 3054(r) 
+6{t) + 30Ai(r) + 21A3(t) + SOAsM 

= EAWe^- 

The calculations for the other components are similar. 

We should remark that the supersymmetry relation between /(r) and 7(t) 
is essential for F to be a modular form with representation pM- 

By the singular theta correspondence there is a holomorphic automorphic 
form for Aut{M) of weight 4/2 = 2. The zeros of \1/m are zeros of order 1 
coming from divisors of norm —1/3 vectors in M' and from divisors a in M' of 
norm —1 with 2a € M. 

The lattice M has primitive norm vectors of level 1 and level 6. We can 
work out the Fourier expansions at the corresponding cusps using that ^'m has 
singular weight. 

Define c(n) by 

c{n)q"- = /(r) + Sir) = g-^/^ + 2 + 3^^/^ + 8q + 15g^/^ + 24g2 + . . . . 

Level 1 cusp: We decompose M = L © where L = -E|(-l) © -f/i,i(6) 
and take z as primitive norm vector in IIi 1. Then the product expansion of 
*,(Z,F)is 

= E deiHe((«;p, ^)) n (1 - ell^^'/^' ^))) " e((3n«;p, Z))) ^-'^^^ 

weG n>0 

where the sign in the exponent of the first product is — if is even and the 
image of a has even order in L' /L, i.e. order 2, and + else and the sign in 
the exponent of the second product is — if 3q!^/2 is integral and a has even 
order and + in the other cases. We remark that a E L' with 2a G L implies a^ 
integral because L is even and has level 6. The Weyl vector is p = (0,0, 1/6) 
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and the Wcyl group G is generated by the a in L' with = ~l/3 and a in L' 
of norm —1 with 2a G L. We remark that the roots of L' are the vectors a of 
norm —1/3, —2/3, —1 and —2 with resp. 6a e L,3a e L,2a e L and a G L. 
This imphes that G has infinite index in the full reflection group of L' . 

This identity is the denominator identity of a generalized Kac-Moody super- 
algebra with the following simple roots. The real simple roots are the simple 
roots of the reflection group G, i.e. the roots a satisfying (p, a.) = o? jl. The 
imaginary simple roots are the positive multiples np of the Weyl vector with 
multiplicity (— 1)"4 if 3 divides n and (— 1)"2 else. Here we use the convention 
that odd roots have negative multiplicity. Note that there are no odd real simple 
roots. The root lattice of this algebra is V . A vector a in L' is a root if and 
only if a^ > —1. A root a is odd if and only if 2>o? 12 is integral and a has even 
order. The multiplicity of an even root a G L' is mult{a) = c(3a^/2) if 2q: L 
and mult{a) = c(a^/2) + c(3a^/2) if 2a € L. Up to a sign the same formula 
holds for the odd roots. 

Level 6 cusp: Here we write M = L® /Ji,i(6) with L = i?f (-1) © and 
take z as primitive norm vector in //i_i(6). Then \M'/M\ = 6^|L'/L| so that 
z has level 6. The product expansion of ^z{Z, F) is 

(l-e((a,Z)))^("^/^^ „ {l-e{{a^Z))y'"'"^ 



:tL. (l + e((a,Z)))^("^/^) (l + e((a,Z)))^("^/^) 

= l + ^a(A)e((A,Z)) 
where o(A) is the coefBcient of (f^ in 



4 

= 1 - 4^ + - 4g'' + 20g* - 24g'' + 49" - . . . 



(7?(3T)r/(r)) _ . , . 2 . 3 , on„4 o.„5 , . 6 



(r?(6T)r?(2r)) 

if A is n times a primitive norm vector in and else. 

This is the twisted denominator identity of the fake monster superalgebra 
corresponding to the prime p = 3. 

The general case is as follows. Let p be a prime such that 8/(p + 1) is an 
integer. Define 

(7?(2pr)7?(2r))'" 
j{t) = m = m + 2m q + . . . 

and 

,^(^), (^(W2Mr/2))"' ^ ^ ^^^^ 

Then / is a modular form of weight —m for ro(2p) if m is even and for ri(2p) 
if m is odd. 

A supersymmctry relation implies that 5(r) = /(r) + 7(r) contains only 
half-integral powers of q. 
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We decompose fir/p) as 



Ht/p) = 50 (t) + g2{T) + . . . + 52p-2(-r) 

such that the functions gj have Fourier expansions of the form ^ a(ri)q"+^/^P 
with n G Z. Similarly we write 5(t /p) as 

5{t/p) = Ai(t) + A3(t) + . . . + A2p-i(r) 

where the \j have Fourier expansions of the form ^ a(n)(7"+^/^P with n G Z. 
We will use the functions /, 50, • • ■ , 52p-2 and ^, Ai, . . . , A2p-i to construct a 
vector valued modular form. Their transformations under T are clear and their 



iS-transformations follow from Lemma 2.1 



The quotient E^{~1)' / E^{—1) = Z™ is a vector space over Zp with an 
orthogonal basis {71, . . . ,7™} satisfying 7^/2 = — 1/p mod 1. Define the even 
lattice M = L //i,i(2p) of level 2p, determinant 2^p™+^ and signature 
(2,2rn + 2). Let 



-yeM'/M 



with 



Mr) = /(t)+5o(t) if 7 = 

= —/{t) — .go(''') if 7^/2 — and 7 has order 2 

= (5(T)+Ap(r) if 7V2 = 1/2 and 7 has order 2 

= \j{T) if 7^/2 = j/2p where j is odd and 7 has order 2p 

= 5j(t) if 7^/2 = j/2p where j is even and 7 has order p 

— ^9j{r) if 7^/2 = i/2p where j is even and 7 has order 2p 

where 7^/2 is taken mod 1. Then we have 

Proposition 4.1 

F is a modular form of weight —m and representation pM which is holomorphic 
on H and meromorphic at the cusps. 

Proof: The components f-y are T-invariant by construction. The 5'-transforma- 
tions follow from those of the functions /, gj and 6, Xj and the scalar products 
in M' /M which can be worked out using the descriptions of the discriminant 
forms of i?g(— 1) and IIi^i{2p). This proves the proposition. 
From the singular theta correspondence we get 

Theorem 4.2 

There is a holomorphic automorphic form for Aut{M) of weight m. The 
zeros of are zeros of order 1 coming from divisors of norm — l/p vectors in 
M' and from divisors a in Al' with norm —1 and 2a G M . has singular 
weight so that the only nonzero Fourier coefhcients of m correspond to norm 
vectors. 
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Define c{n) by ^ c{n)q" = /{t) + S{t). Then has the following expan- 
sions at the cusps. 

At the level 1 cusp we decompose M = Le//i,i with L = iJf (-l)e//i,i(2p) 
and take z as primitive norm vector in Then the product expansion of 

e{{p,Z)) n {l-e{{a,Z))f^^"'/'^ ' e{{a, Z)))^^^""'/'^ 

a:eL'+ aeL'+ 

= J2 det{w)e{{wp,Z)) JJ {l - e{{nwp, Z)))^-'^""" {l - e{{pnwp, Z)))^-'^""^ 

weG n>0 

where the sign in the exponent of the first product is — if o? is even and the 
image of a has even order in L' /L, i.e. order 2, and + else and the sign in the 
exponent of the second product is — if is integral and a has even order 

and + in the other cases. The Weyl vector is p = (0,0, l/2p) and the Weyl 
group G is generated by the a in L' with o? = — 1/p and a in L' of norm —1 
with 2a G L. 

At the level 2p cusp we write M = L®IIi,i{2p) with L = i^f (-1) © so 
that \M' /M\ = 2^p^\L' IL\ and take z as primitive norm vector in IIi^i{2p). 
Here the product expansion of ^z{Z, F) is 

^ (l-e((a,Z)))-^"^/^^ (l-e(KZ)))-<"^/^^^ 
{l + e{{a,Z)))<'''/'^ J},„ il + e{{a,Z))Y^"'/'^^ 

= l + ^a(A)e((A,Z)) 
where a(A) is the coefRcient of in 



(r;(2pT)ry(2T)) 

if A is n times a primitive norm vector in L"*" and else. 

Proof: We only need to calculate the Fourier expansions of the products which 
can be done using that has singular weight. This proves the theorem. 
The expansion of '^m at the level 2p cusp shows 

Corollary 4.3 

The denominator function of the generalized Kac-Moody superalgcbra obtained 
by twisting the fake monster superalgebra with an element of cycle shape l"^p"^ 
defines a holomorphic automorphic form of singular weight. 

The expansion of at the other cusp impHes 
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Corollary 4.4 

There is a generalized Kac-Moody superalgebra with the foUowing properties. 
The root lattice is the dual L' of the lattice L = E^{-1) © IIi,i{2p). The 
Weyl group is the group generated by the reflections in the norm —1/p vectors 
of L' and the norm —1 vectors a in L' with 2a G L. The Weyl vector is 
p = (0, 0, l/2p). The real simple roots are the simple roots of G, i.e. the roots 
satisfying {p, a) — o? jl. The imaginary simple roots are the positive multiples 
np of the Weyl vector with multiplicity (— l)"2m if p divides n and (— l)"m 
else. A root a is odd if and only if pa^ /2 is integral and a has even order. 
The multiplicity of an even root a G L' is mult{a) = c(pa^/2) if 2a ^ L and 
mult{a) = c(a^/2) +c(pa^/2) if 2a G L. For odd roots the same formula holds 
with opposite signs. The denominator identity is given by the expansion of m 
at the level 1 cusp. 

Again these results can be extended to p = 1 . 

5 Hyperbolic reflection groups 

In this section we describe the reflection groups of the root lattices of the twisted 
fake monster algebras. In the bosonic case we get some information about these 
groups from the singular theta correspondence. In the super case we work out 
their fundamental domains using Vinberg's algorithm. 

5.1 Lorentzian lattices 

Let L be a Lorentzian lattice of dimension n. There are 2 cones of positive 
norm vectors in L E. The vectors of norm 1 in one of these cones form a 
copy of the n — I dimensional hyperbolic space H. The automorphism group 
Aut{L) of L is the direct product of Z2 and the group Aut{L)^ fixing the 2 
cones of positive norm vectors. The reflection group ly of L is the subgroup of 
Aut{L)'^ generated by reflections in the roots of L. W acts on L (g) R and by 
restriction on H. The reflection hyperspaces divide H into Weyl chambers. We 
choose one Weyl chamber D and call it the fundamental Weyl chamber. Then 
Aut{L)'^ is the semidirect product Aut{L)'^ = Aut{D).W where Aut{D) is the 
automorphism group of D. W is called arithmetic if Aut{D) is finite. The roots 
corresponding to the faces of D form a set of simple roots of L. The reflections 
in these roots generate W. The angles between the simple roots and thus the 
deflning relations of W are usually described through the Dynkin diagram of L. 

Vinberg [Q describes the following algorithm for finding a set of simple roots 
of L. 

Choose a vector w in L with w'^ > 0. The roots orthogonal to w form a 
root system which is finite if > and afflne else. Choose a fundamental 
Weyl chamber C for this root system. Then there is unique fundamental Weyl 
chamber D of W containing w and contained in C, and its simple roots can be 
found inductively as follows. 
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All the simple roots of C are simple roots of D. Order the roots a which 
have positive inner product (a, w) with respect to the distance (a, w) / \/ —a^ of 
their hyperplanes from w. 

Take a root a as simple root for D if and only if it has nonnegative inner 
product with all the simple roots we already have. It is sufficient to check this for 
the simple roots whose hyperplanes are strictly closer to w than the hyperplane 
of a. 

If at some point the roots we have already found by this algorithm span 
L (g) R and contain at least one Dynkin diagram that is spherical of rank n — 1 or 
affine of rank n — 2, and every spherical diagram of rank n — 2 in such a diagram 
is contained in a second such diagram, then these roots form a complete set of 
simple roots for D (cf. for example Theorem 1.4 in [|Bl| ). 



5.2 Reflection groups 

First we consider the root lattices of the fake monster algebras. They are similar 
to the lattice //i,25 = A(-l) ® Ihs- Let L = Ap(-1) © Ihs- The roots of L 
are the norm —2 vectors in L and the norm — 2p vectors in pL'. The reflection 
group of L is also the Weyl group of the fake monster algebra with root lattice 
L. Let M — L® IIi^i{p) and fM+s{T) be the components of the modular form 
F with representation pi\i in section 3.2. We define 



with components 



leL'/L 



SeM' /M 
5\K = f 



where z is a primitive norm vector in //i^i.(p) and K — M C] . It is easy 
to see that Fl is a modular form of type pL- The singular theta correspon- 
dence associates a modular form to Fl whose singularities are exactly at 



the reflection hyperplanes of W. Theorem 2.3 implies that the norm vector 
p = (0,0, 1) is Weyl vector for L and the simple roots of L are the roots a 
satisfying {p,a) — a^/2. Furthermore the quotient Aut{L)~^ /W contains a free 
abelian subgroup of finite index. 

The lattice A''(— 1) has no roots so that Aut{L)^ /W is equal to the group 



of affine automorphisms of Ap{—1) by Theorem 3.3 of |B1]. 

Now we consider the root lattices of the fake monster superalgebras. We will 
see that they are similar to the lattice Ili^g = Es{—1) © Here we apply 



Vinberg's algorithm rather than Theorem 2.3 because the latter would not give 
much information on the reflection groups. 

The lattice is the 4 dimensional lattice with elements (mi, TO2, ma, 7714), 
where all nii are in Z or all are in Z + i and ^ is even, and norm 
{mi, 1712, m^, TO4)^ = ml+m2 + 3m'^ + 3ni1. The dual is the lattice with elements 
{mi, 1712, 7113/3,1714/3) where the are as in E^ and (mi, m2, TO3/3, 7774/3)^ = 
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ml + 1712 + "^3/3 + ml/3. The norm 6 vectors of i?| are all in 3£^|' so that 
the roots of Eg are the norm 2 and norm 6 vectors. The root system of Eg 
decomposes into 2 orthogonal (j2's. 

Wc choose the vector w = (0, 1, —1) in L = with norm = 2 

and apply Vinberg's algorithm to determine the simple roots of L. We find the 
following complete set of simple roots 



ai 


= (^^1,0,0), 


v\ = 


(11 1 1 
^2' 2' 2' 2 


0L2 


= (^^2,0,0), 


V2 = 


(0,0,1,1), 


as 


= (t^3,0,0), 


1^3 = 


/ 1 1 11 

\2' 2' 2' 2 


a4 


= (t;4,0,0), 


V4 = 


(0,0,1,-1), 


as 


= ('?^5,1,1), 


V5 = 


(0,0,0,0), 




= («6,0,-l), 


Ve = 


(-1,1,0,0), 


on 


= (t^7,0,-l), 


V7 = 


(-1,-1,0,0). 



The roots ai and 0.4 have norm —6 while the other simple roots have norm —2. 
L also has a Weyl vector. 

Proposition 5.1 

TJie Lorentzian lattice L = Eg{—1) ® IIi,i has 7 simple roots which can be 
taken to be the roots a G L with 

(p,a) = aV2 

where p is the Weyl vector 

p=(r,-6,7) with r= (5, 0,1,0) 
of norm = 56. The Dynkin diagram of L is 

— o — o — o — 

The reflection group of L is arithmetic and has index 2 in Aut{L)~^. 

The root lattice of the other fake monster superalgcbra corresponding to 
p = 3 is the dual of i^|(— 1) © //i,i(6). We rescale the root lattice by 2p = 6 to 
obtain the even lattice L = Eg{—2)(B This lattice has level 6 and roots 

of norm —2, —4, —6 and —12 in L, L n 2L', L n 3L' and 6L'. If we choose again 
w = (0, 1, —1) in Vinberg's algorithm we find 

Proposition 5.2 

L = Eg{—2) (B IIi,i has 8 simple roots which can be taken to be the roots a G L 
with 

(p,a)=aV2 
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where p is the Weyl vector 

p=(r,-6,7) with r = (5, 0,1,0) 

of norm = 28. The reBection group of L has index 2 in Aut{L)^ and the 
corresponding Dynkin diagram is 







o 







o 



Eg is the 2 dimensional lattice with elements (mi, 7122) where either mi and 

rr?2 arc in Z and mi + m2 is even or mi and m2 are in Z + ^ and mi + m2 is 



odd, and norm (mi,m2) 



mr 



7m|. The dual is the lattice (mi,m2/7) with 



mi , m2 both in Z or both in Z + ^ and mi + m2 even. The norm in the dual 
lattice is (mi, m2/7)^ = m,^ + m^/l. The norm 14 vectors of El arc all in 7El' 
so that the roots of Eg are the norm 2 and norm 14 vectors. The root system 
of Eg is the sum of 2 orthogonal ^I's where the roots in one Ai are scaled to 
norm 2 and in the other Ai to norm 14. While Eg is generated by its short 
roots the roots of Eg generate a sublattice of index 2. 

Again we use Vinberg's algorithm to determine the simple roots of i = 
El{—1) © //i,i. We choose w as above. Then we find the following simple 
roots 





= (t;i,0,0). 




= 

V2' 2/' 


012 


= (^^2,0,0), 


V2 


= -i) 

V2' 2/' 




= (^^5,1,1), 


vs 


= (0,0), 


a4 


= (^^4,0,-1), 




~ (— 2 ' ~ 2 


as 


= (W5,1,-1), 


V5 


= (-2,0), 


ae 


= («6,0,-7), 


V6 


= (-^ i) 
V 2 ' 2 



The roots 02 and ae both have norm 
norm —2. We get 



-14 while the other simple roots have 



Proposition 5.3 

Tiie Lorentzian lattice L = Eg{—1) (B IIi^i has 6 simple roots and a Weyl vector 
of norm 8. The above roots correspond to the Weyl vector p = (r, — 2, 3) with 
r = (2,0). The reflection group of L has index 2 in Aut{L)'^. The Dynkin 
diagram of L is 
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When we rescale the root lattice of the other fake monster superalgebra 
corresponding to p = 7 by 14 we obtain the lattice L = El{—2) ® Ih,i of level 
14. This lattice has roots of norm -2, -4,-14 and -28 in L, L n 2L', L n 7L' 
and 14L'. We have 

Proposition 5.4 

The Lorentzian lattice L = El{—2) ® Ih,i has 8 simple roots and a Weyl vector 
of norm 4. The Dynkin diagram of L is 



OO 




The reflection group of L is arithmetic and has index 2 in Aut{L)~^. 

We remark that L has 2 simple roots of each possible root length. The Weyl 
vector corresponding to the choice w = (0, 0, 1) in Vinberg's algorithm is p = 
(r, -2,3) withr= (2,0). 
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